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ab W be = {abbe, abeb, bach, babe, beab}



Shuffle Product

ab LW be = {abbe, abeb, bach, babe, beab}
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rWe=cwz = {z}

arwadzr = {az|z€ezwdr }u{dz|z€arwz }.
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Shuffle Product

ab LW be = {abbe, abeb, bach, babe, beab}

z,r’ € ¥* and a,a’ € X

rWe=cwz = {z}
arwadzr = {az|z€ezwdr }u{dz|z€arwz }.
leLQQE*
Liw Ly = LJ r Wy

x€Ll1,y€Llo

LUl is commutative, associative, and it distributes over union If L1, Lo C ¥* are
regular, then L; L Lo is regular.



Usages and Motivations

formal languages [GS65, RS97]
® expressivity
® closures
® algebraic caracterisations
® decompositions
® complexity
group theory: in the context of abelian groups and free groups [EL53, CFL58]
concurrency theory [ORR78, BPS01]
molecular biology [tBMVMO05]

and card games, of course



Hardness

Our conclusion is, in brief, that shuffling is complez.
Ogden, Riddle, and Round [ORR78]
It still remains a mysterious operation on regular languages.
Berstel, Boasson, Carton, Pin, and Restivo [BBC" 10]

Despite the length of time since the operator was introduced there re-
mains a number of standard formal language theoretic questions involving
shuffle that are unsolved.

Bieger, Daley, and McQuillan [BM1/]



State Complexity

isc(Ly W Lg) =2M"2 — ]
[CSY02]
sc(Ly W Ly) < 2mn2—1 4 gm=Dna—1)gm—1 _ 7y(gna—1 _ 1)
[BJL*16, CLP20]
sc(uv) € 02" Hny —2)) (n1 < no)
[BDM10]



Regular Expressions, RE

Y={o1,...,om}
a=ell [or]-|om|(a+a)l(aa)](a)

E(a){e if e € £(a)

(0 otherwise

a=d <= L(a)=L(d)
We denote,
RE = RE(+, -, )



Position based NFAs:

Ag Position/Glushkov [Glu61]
Ap Follow [IY03]

Derivative based NFAs
App Partial Derivatives [Ant96]

Apye Prefix [Yam14]

RE(+,-,x) — NFAs



Position based NFAs:
Ag Position/Glushkov [Glu61]
Ap Follow [IY03]
Derivative based NFAs
App Partial Derivatives [Ant96]
App(a) ~ Ag(a)/=, [CZ02]
Apye Prefix [Yam14]
Apre(a) ~ Ag(a)/=, [BMMR21b]

RE(+,-,x) — NFAs



a=(b+ab)* +b*



@ = (by + agbs)* + b}

Pos(a) = {1,2,3,4}

®
-~ & ©
@



Ag((b+ ab)* + b))

@ = (b1 + agbs)* + b

Pos(a) = {1,2,3,4}

- @

Lasty(@) = {0, 1, 3,4}



@ = (bl + a2b3)* + bz

First(@) = {1,2,4}



Ag((b+ ab)* + b%))
& = (b + ashe)* + b}
b b
-~ O—0O
b

Follow(@) = {(1,1), (1,2), (2,3), (3,1), (3,2), (4, 4)}



Ag((b+ ab)* + b*))
a=(b+ab)* +b*
b
z
NoSioE o
b a
O=X

Select(Follow(a, 1), b) = Select({1,2},b) = {1}




Position/Glushkov Automaton, Ag(«)

Ag(a) = (Poso, %, 6, 0, Lasto ()
Poso(a) = Pos(a) U {0}
Lasto(a) = Last(e) U £(a){0}
Follow(a, 0) = First(a)

dgu(i,0) = Select(Follow(a, i), o)

[ Ag(a)lg =lals +1=n
| Agi(a)]s = O(n?)



Partial Derivatives for RE, 0, («a)
L(0w(a)) = {w' | wu' € L(a)}

95 (0) = 05(c) = 0,
n J{e} ifo' =0
O (o) = { 1] otherwise,

0o (e + ') = 05(a) U9y (d),
O0s(aa’) = Oy (a)a U ()05 (d),
0o (") = 0o ()

Oc () = {a}
wo (@) = U
€0s(

PD(a) = U 8w(a)
wED*



APD((b aF ab)* aF b*)

(b + ab)* + b*



(b+ ab)* + b* b(b+ ab)*

* App(a) = (PD(a), %, 6, , F),
* F={BePD(o)|eB) =¢},
* (8,0) = 0:(B)

APD((b aF ab)* aF b*)



App(a) = Ag(a)/=.

® Upes Owo; (@) = {c(@,4)} if not empty
e i=.jif c(a,i) = c(a,j)

® App(a) = Ag(a)/=, [CZ02]




App(a) ~ Ag(a)/=.

® Upes Owo, (@) = {c(a@, i)} if not empty
e i=.jif c(@i) = c(@j)

o App(a) = Ag(a)/=, [CZ02]




App (@) = Ag(0)/=,

(b + ab)* + b*

¢ UweZL Owe; (@) = {c(@, 1)} if not empty
* i=.jif c(a,i) = c(@, )

o App(a) = Ag(a)/=, [CZ02]




Extended Regular Expressions

Notation

RE(W)
RE(N)
RE(w, N)

RE(+7 Bt |—|—|)
RE(+, -, *,N)
RE(+, -, *, W, N)



Complexity of RE(Lu, N)

® Membership for RE(L1) is NP-complete [ORR78, MS94]

e Membership for RE(N) is LOGCFL-complete [Pet02]
(NL-complete for RE)

® Inequivalence for RE(LU, N) is EXP-complete [MS94]
(PSPACE-complete for RE)

¢ RE(L,N) = NFA exponential trade-off [MS94]
(atmost quadratic for RE)

¢ RE(.W,N) = RE double exponential trade-off [Gel1l0, GH09]

¢ RE(.W,N) = DFA double exponential trade-off [Gell0]
(exponential for RE)



RE(W, N) => NFAs

Derivative Methods are easily extended to
® Boolean Operations: N, —, etc
e Shuffle Operations:
® interleave LW [BMMRI18]
® several synchronised shuffles [ST19]
Position Methods extensions are not so easy
® operations compatible with positions: multi-bar and
multi-tilde [CCM12]
® N (indezed sets) [BMMR16]
® 1 using locations [BMMR21a]
¢ synchronised shuffles: using locations [BMMR23b)]



Oy (ol B) = O () W{B} U {a} W d,(8)



App((ab)* L (be)*)

0y (ol B) = 0o () W {B} U {a} w1 85 (B)




a = (ab)*w (be)*



a = (albz)*LLl(b3C4)*



a = (albz)*LLI(b3C4)*
Pos(a) = {1,2,3,4}



a = (albg)* LLI (b3C4)*
Pos(a) = {1,2,3,4}
First(a) = ?
Last(a) = 7
Follow(a) = ?



(albz)* LLI (b304)*



(albg)* LLI (6364)*
al

1,0



(albg)* LLI (b3C4)*
a1bs
1,3



(albg)* LLI (b3C4)*
ajbzcy
1,4



(albg)* L1 (6364)*
a1bzcsby
2.4



Ag((ab)* w (be)”)

(a1b2)™ W (bscs)*

a1bscaby € L(@)

® [n each step there are several active ”follow” positions: sets of positions

® [t is handy to know if those positions are from the left or the right component
of the shuffle.



= (albz)* LL (b3C4)*

Pos(ar) = {1,2,3,4}

gl
|



(albg)* LL (b364)*
{1,2,3,4}
{(1,0),(0,3),(0,4),(2,0), (1,3),(1,4),(2,3),(2,4)}

Locations



(a1b2)* LW (bgcg)*

{1,2,3,4}
{(1,0),(0,3),(0,4),(2,0),(1,3),(1,4),(2,3),(2,4)}
{(a, (1,0)), (b,(0,3))}

Locations



Locations

a = (a1by)” W (bgeq)™
() = {1,2,3,4}
Loc(e) = {(1,0),(0,3),(0,4),(2,0),(1,3),(1,4),(2,3),(2,4)}
First(a)

(a)

= {(CL, (13 0))a (b> (Oa 3))}
- {(27 0)7 (0, 4)7 (274)}

Last



Locations

~ ~ N —~

~— ~— ~— ~— ~—

Follow

(0,3),¢,(0,4)),((2,0), 4, (1,0)), ((2,0), b, (2, 3)),
((07 4)7 a’ (17 4))7 ((17 4)7 b’ (17 3))7 ((17 4)7 b7 (27 4))7

3

((2,3),0,(1,3)),((1,3),¢,(2,4)), ((1,3),b,(2,3)), .-



oc(o;) = {i}, Loc((@)*) = Loc(a@)

= Loc(@j@z2) = Loc(a) U Loc(ae)

= Loc(@;) x Loc(a) U Loc(ay) x {0} U {0} x Loc(az)

Locations



Locations

Loc(e) = 0, (0i) = {i}, Loc((@)*) = Loc(a)
Loc(ay + a» ) = Loc(@j@z2) = Loc(a) U Loc(ae)
a Lo

Loc(@; Wwan) = Loc(@;) x Loc(az) U Loc(ay) x {0} U {0} x Loc(az)

| Loc(a)| < 2lel= — 1



First, Last, Follow

First(o;) = {(7,4)}
First(a; W @s) = {(o, (p,0)) | (o,p) € First(ay)}

U {(0,(0,p)) | (o,p) € First(az)}



First, Last, Follow

Last(@; W @g) = Last(@;) x Last(az)
U e(a@1)({0} x Last(a)) Ue(ae)(Last(a;) x {0})



First, Last, Follow

Follow(a; LW @, (p1, p2)) = { (o, (P, p2)) | (0,p)) € Follow(ay, p1) }
U { (o, (p1,p5)) | (0,p3) € Follow(az, p2) }



Ag((ab)* w (be)”)

Loco(a) = {07 (073)7(074)’(170)7(27())7(173)’( ? )7(273)7( Y )}
First(@) = {(a, (1,0)), (b, (0,3))}
Lasto(@) = {0, (0,4), (2,0), (2,4)}.

b






Ag(a)/=. ~ App(a)

p = qif c(@,p) = c(@,q)



Synchronised Shuffles

some letters must synchronise instead of interleave
common letters must synchronise, studied first in [SS, dS84, LR99]
M. ter Beek, J. Kleijn, and G. Rozenberg [tBK03, tBEKR03] within the

framework of Team Automata considered that all occurrences of specific

letters must be synchronised (strong synchronised shuffle).
Further versions where studied by [tBMVMO05, MMV06] in connection with

biological models: arbitrary synchronised shuffle, weak synchronised shuffle,
synchronised shuffle on backbones, ...



Strong Synchronised Shuffle

ab®|| sy bc = {abc}



Strong Synchronised Shuffle

ab®|| sy bc = {abc}

abca®||{qy ada = {abeda, abdca, adbea} = a(be Wi d)a



Strong Synchronised Shuffle

ab®|| sy bc = {abc}

abca®||{qy ada = {abeda, abdca, adbea} = a(be Wi d)a

I' C X, synchronising alphabet
U= U] Op_1lUp
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with o; € T and u;,v; € (X \ )%,

ulllrv = (u1 Wwv1)oy - op_1(up Wuvy)



Strong Synchronised Shuffle

ab®|| sy bc = {abc}

abca®||{qy ada = {abeda, abdca, adbea} = a(be Wi d)a

I' C X, synchronising alphabet
U= U101 " Op_1Unp
V=10101"" " Op_1Up
with o; € T and u;,v; € (X \ )%,
ulllrv = (u1 Wwv1)oy - op_1(up Wuvy)

Note: *|jp =w and 5|y =N



Arbitrary Synchronised Shuffle

Letters in I' can be synchronised or not

ab®||(s) bc = ab W bc U {abc}



Arbitrary Synchronised Shuffle

Letters in I' can be synchronised or not

ab®||(s) bc = ab W bc U {abc}

I' C ¥, synchronising alphabet

U= U101 " Op—1Un
V=0V1071"""0p_1Un
with o; € I and u;, v; € X7,

u?|lpv=(ug Wwv1)oy - op_1(ty W vy)



Synchronised Shuffle on Backbones

acab |||qp bab = (ac L b){ab} U (e L b)a(ca LW )b
= {acbab, abcab, bacab} U {bacab}

= {acbab, abcab, bacab}



Synchronised Shuffle on Backbones

acab |||qp bab = (ac L b){ab} U (e L b)a(ca LW )b
= {acbab, abcab, bacab} U {bacab}

= {acbab, abcab, bacab}

U= U101 " Op—1Un
V=0V101"""0npn—-1Un

with u;, v; € X* and

ulllpv=(ug Wwvy)oy - op_1(t, Wuy,)



Partial Derivatives for RE(®||r)

I' C ¥, synchronising alphabet

8, (a¥|p gy = 4 2o Ir ds(B) if o €T,
’ dx()*|r {8} U {a}%|Ir 8,(B), otherwise.



App ((ab)**[l{a) (ca)*)

(ab)**||{ay (ca)* :

(ab)**|lay alca)*
a b

b(ab)**| {ay (ca)* b(ab)**| (ay a(ca)*



B={T,L}, sa={(T,T)} and sp = s. = {(L, T),(T, L)}

(a102)**||{ay (c304)*



Age((ab)**|| (a3 (ca)*)

B={T,L1}, s ={(T,T)}and sp = s. = {(L, T),(T, L)}

(a1b2)*®[|1qy (c304)*

First((ale)*) = {
First((csaq)*) = {(c,3)}
First((a1b2)"*[|{a} (c3a4)™) = {



Age((ab)**|| (a3 (ca)*)

B= {T; J—}, Sa = {<T7T>} and sp = s. = {<J-7 T>7 <T7J->}

(a1b2)* ®[|1qy (c304)*

First((a1b2)") = {(a, 1)}
First((czas)”) = {(c,3)}
First((a1b2)"*[|a} (c3a4)") = {(c, (0,3))}
First(ay °||r @) = U {(o, (p1,p2)) | (0,p;) € First(ey;) if b;; p; = 0 otherwise}
[b1,(7b§]265(7

where s, = {(T, T)} if 0 € I';s, = {(T, L), (L, T)} otherwise.



Age((ab)**|| (a3 (ca)*)

B={T,L1}, s ={(T,T)}and sp = s. = {(L, T),(T, L)}

(a1b2)* ®[|{a) (c3aa)*
First((a1b2)*) = {(a,1)} Follow((cza4)*,3) = {(a,4)}
Follow((a1b2)* *|a (c3a4)*, (0,3)) = {(a, (1,4))}



Age((ab)**|| (a3 (ca)*)

B= {T; J—}, Sa = {<T7 T>} and sp = s. = {<J-7 T>7 <T7J->}

(@152)*S||{a} (c3aq)”
First((a1b2)*) = {(a,1)} Follow((czas)*,3) = {(a,4)}
FOIIOW((ale)* sH{a} (C3a4)*7 (07 3)) = {(CL, (17 4)>}

Follow(a ®||r @2, (p1,p2)) =

U {(0,(q1,92)) | (0,¢) € Follow(a, p;) if b;; ¢i = p; otherwise}

ocED
[b1,b2]€ss

where s, = {(T, T)} if 0 € I';s, = {(T, L), (L, T)} otherwise.



Age((ab)**|| (a3 (ca)*)

B={T,L1}, s ={(T,T)}and sp = s. = {(L, T),(T, L)}




a = (a1b2)*®[|a) (c304)*

(a1b2)**||ay aa(czaq)*

by (albg)* SH {a} a4(C3CL4)*



a = (a1b2)*®[|a) (c304)*

(a1b2)*®||fay aa(csas)*

ba(a1b2)* *[|{ay aa(czas)*

p = qif c(@,p) = c(@,q)



Ag(a)/=. ~ App(a)

()" ey (ea) > ) oy 0] >

@ b

b(ab)**||(ay (ca)* b(ab)**| (ay a(ca)*



Average-case Complexity

Uniform distribution of regular expressions of size n and |X| = k
Framework of analytic combinatorics

Relates combinatorial objects to algebraic properties of complex analytic

generating functions

the behaviour of these functions around their dominant singularities gives

access to the asymptotic form of their (power) series coefficients.



Asymptotic Analysis

—n

Cn ~ Onp

where 6, is a sub-exponential



Average-case Complexity through Analytic Combinatorics

o k=3
® Ri(z), generating function for regular expressions a with n = |¢|
® P(z), generating function for an upper bound of the size of Qpp

[2"] Py (2)

WP = R(z)



Asymptotic Average Complexity

Measure Average C. Worst C. Ref. Avg

RE(w) 1O5(@} 8 O(n)  [BMMR23a]
|Qpp| 2v3(3)2 o(2m) [BMMRI18]

RE(N) [{0s:(a)} 15 O(n2) [BMMR23a)
|Qpp 3 o@2m) [BMMR23a]

RE(|) {0 ()} 9 O(n?)  [BMMR23a]
|Qpp| (1.12859 + o(1))™ o(2m) [BMMR23a)

8 =] >4
a n — n3 a
RE(|) {0 ()} 7.5 % (1.00528)" [S|=2  O(n®)  [BMMR23a]

18.7 x (1.00062)" |%| =3
|Qpp| 0.26 x (1.35488 + o(1))™ o(3m) [BMMR25]




Boolean Shuffle Product

B={T,1}

Fn set of Boolean functions f : B” — B

sat(f) = {(b1,...,by) € B" | f(b1,...,by) =T }\ {(L,..., L)}
P Y — Fp

Hiﬁ (E,...,E) :{6}
oy (w1, ..., uy) ={ow | (3b € sat(¢p(0)))
[u; = owv; if by;u; = v; otherwise]
Aw € |y (vi,...,vm)}

The operator ||, is extended to languages as usual by
ly (Las-o L) = U Ml (uny ),
u€Ly XX Ly

where u = (u1,...,uy,).



| (L1, L2) = L1 N Lo

le (L1, Le) = Ly Wi Ly

Iv (L1, L2) = L1 2|5 Lo

s (L1, L2) = Ly ®||r L2 where

(o) A, ifoel,
o) =
) @, otherwise,
lpo (L1, L2) = L1 ®(lp Lo
a0 v, ifeoel,
a\O) =

@, otherwise.

Ho (L1;L27L3) =1 H‘Lz L3 where o(bl, bs, b3) = (bQ o (bl A bg))



Boolean Shuffle (Product) Automata

Ai — (Q’Lv 27 5i7 Liy E)

H(Ala"'vAn):(Q7275¢7(L17"'7Ln)7F)
where
®*Q=0Q1x--XQy
o = F; x---x I,
® 5= (S1,...,8,),t = (t1,...,ty), b=(b1,...,b,), and

dy(s,0) = U {t € Q| (Vi)[ti € di(si,0) if b;;t; = s; otherwise|}
béesat(y (o))



If L; are regular

® ||y (L1,...,Ly) are regular
e If I; are defined by regular expressions «; one can define

® App(lly (a1, .., an))
* Ag(lly (a1, an))

as Boolean Shuffle (Product) Automata.



e allow to express different compositional behaviours of concurrent systems

® unique framework for generalised synchronised shuffles and several automata

constructions



Thank you for your attention
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