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Shuffle Product

ab� bc = {abbc, abcb, bacb, babc, bcab}

x, x′ ∈ Σ⋆ and a, a′ ∈ Σ

x� ε = ε� x = {x}
ax� a′x′ = { az | z ∈ x� a′x′ } ∪ { a′z | z ∈ ax� x′ }.

L1, L2 ⊆ Σ⋆

L1 � L2 =
⋃

x∈L1,y∈L2

x� y

� is commutative, associative, and it distributes over union If L1, L2 ⊆ Σ⋆ are

regular, then L1 � L2 is regular.
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Usages and Motivations

• formal languages [GS65, RS97]

• expressivity
• closures
• algebraic caracterisations
• decompositions
• complexity

• group theory: in the context of abelian groups and free groups [EL53, CFL58]

• concurrency theory [ORR78, BPS01]

• molecular biology [tBMVM05]

• and card games, of course



Hardness

Our conclusion is, in brief, that shuffling is complex.

Ogden, Riddle, and Round [ORR78]

It still remains a mysterious operation on regular languages.

Berstel, Boasson, Carton, Pin, and Restivo [BBC+10]

Despite the length of time since the operator was introduced there re-

mains a number of standard formal language theoretic questions involving

shuffle that are unsolved.

Bieger, Daley, and McQuillan [BM14]



State Complexity

Li = L(Ai), ni = |Ai|, i = 1, 2

isc(L1 � L2) = 2n1n2 − 1

[CSY02]

sc(L1 � L2) ≤ 2n1n2−1 + 2(n1−1)(n2−1)(2n1−1 − 1)(2n2−1 − 1)

[BJL+16, CLP20]

sc(u� v) ∈ O(2n2−1(n1 − 2)) (n1 ≤ n2)

[BDM10]



Regular Expressions, RE

Σ = {σ1, . . . , σm}

α→ ε | ∅ | σ1 | · · · | σm | (α+ α) | (αα) | (α⋆)

ε(α) =

 ε if ε ∈ L(α)

∅ otherwise

α
.
= α′ ⇐⇒ L(α) = L(α′)

We denote,

RE = RE(+, ·, ⋆)



RE(+, ·, ⋆) → NFAs

Position based NFAs:

AGℓ Position/Glushkov [Glu61]

AF Follow [IY03]

Derivative based NFAs

APD Partial Derivatives [Ant96]

APD(α) ≃ AGℓ(α)/≡c [CZ02]

APre Prefix [Yam14]

APre(α) ≃ AGℓ(α)/≡p [BMMR21b]
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AGℓ((b+ ab)⋆ + b⋆))

α = (b+ ab)⋆ + b⋆



AGℓ((b+ ab)⋆ + b⋆))

α = (b1 + a2b3)
⋆ + b⋆4
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AGℓ((b+ ab)⋆ + b⋆))

α = (b1 + a2b3)
⋆ + b⋆4
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Follow(α) = {(1, 1), (1, 2), (2, 3), (3, 1), (3, 2), (4, 4)}



AGℓ((b+ ab)⋆ + b⋆))

α = (b+ ab)⋆ + b⋆
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Select(Follow(α, 1), b) = Select({1, 2} , b) = {1}



Position/Glushkov Automaton, AGℓ(α)

AGℓ(α) = ⟨Pos0,Σ, δGℓ, 0, Last0(α)⟩

Pos0(α) = Pos(α) ∪ {0}

Last0(α) = Last(α) ∪ ε(α){0}

Follow(α, 0) = First(α)

δGℓ(i, σ) = Select(Follow(α, i), σ)

|AGℓ(α)|Q = |α|Σ + 1 = n

|AGℓ(α)|δ = Θ(n2)



Partial Derivatives for RE, ∂w(α)

L(∂w(α)) =
{
w′ | ww′ ∈ L(α)

}
∂σ(∅) = ∂σ(ε) = ∅,

∂σ(σ
′) =

 {ε} if σ′ = σ

∅ otherwise,

∂σ(α+ α′) = ∂σ(α) ∪ ∂σ(α′),

∂σ(αα
′) = ∂σ(α)α

′ ∪ ε(α)∂σ(α′),

∂σ(α
⋆) = ∂σ(α)α

⋆

∂ε(α) = {α}

∂wσ(α) =
⋃

β∈∂σ(α)

∂w(β)

PD(α) =
⋃
w∈Σ⋆

∂w(α)
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APD((b+ ab)⋆ + b⋆)

(b+ ab)⋆ + b⋆

(b+ ab)⋆

b(b+ ab)⋆

b⋆

b

b

a

a

b

b

b

• APD(α) = ⟨PD(α),Σ, δ, α, F ⟩,
• F = {β ∈ PD(α) | ε(β) = ε },
• δ(β, σ) = ∂σ(β)



APD(α) ≃ AGℓ(α)/≡c
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• ⋃
w∈Σ⋆

α
∂wσi(α) = {c(α, i)} if not empty

• i ≡c j if c(α, i) = c(α, j)

• APD(α) ≃ AGℓ(α)/≡c [CZ02]
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Extended Regular Expressions

Notation

RE(�) = RE(+, ·, ⋆,�)

RE(∩) = RE(+, ·, ⋆,∩)
RE(�,∩) = RE(+, ·, ⋆,�,∩)

...



Complexity of RE(�,∩)

• Membership for RE(�) is NP-complete [ORR78, MS94]

• Membership for RE(∩) is LOGCFL-complete [Pet02]

(NL-complete for RE)

• Inequivalence for RE(�,∩) is EXP-complete [MS94]

(PSPACE-complete for RE)

• RE(�,∩) =⇒ NFA exponential trade-off [MS94]

(atmost quadratic for RE)

• RE(�,∩) =⇒ RE double exponential trade-off [Gel10, GH09]

• RE(�,∩) =⇒ DFA double exponential trade-off [Gel10]

(exponential for RE)



RE(�,∩) =⇒ NFAs

Derivative Methods are easily extended to

• Boolean Operations: ∩, ¬, etc
• Shuffle Operations:

• interleave � [BMMR18]
• several synchronised shuffles [ST19]

Position Methods extensions are not so easy

• operations compatible with positions: multi-bar and

multi-tilde [CCM12]

• ∩ (indexed sets) [BMMR16]

• � using locations [BMMR21a]

• synchronised shuffles: using locations [BMMR23b]



APD((ab)
⋆
� (bc)⋆)

∂σ(α� β) = ∂σ(α)� {β} ∪ {α}� ∂σ(β)



APD((ab)
⋆
� (bc)⋆)

∂σ(α� β) = ∂σ(α)� {β} ∪ {α}� ∂σ(β)

(ab)⋆ � (bc)⋆

b(ab)⋆ � (bc)⋆

(ab)⋆ � c(bc)⋆

b(ab)⋆ � c(bc)⋆
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AGℓ((ab)
⋆
� (bc)⋆)

α = (ab)⋆ � (bc)⋆
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AGℓ((ab)
⋆
� (bc)⋆)

α = (a1b2)
⋆
� (b3c4)

⋆

Pos(α) = {1, 2, 3, 4}
First(α) = ?

Last(α) = ?

Follow(α) = ?
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⋆
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1, 0
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AGℓ((ab)
⋆
� (bc)⋆)

(a1b2)
⋆
� (b3c4)

⋆

a1b3c4b2 ∈ L(α)

• In each step there are several active ”follow” positions: sets of positions

• It is handy to know if those positions are from the left or the right component

of the shuffle.



Locations

α = (a1b2)
⋆
� (b3c4)

⋆

Pos(α) = {1, 2, 3, 4}

Loc(α) = {(1, 0), (0, 3), (0, 4), (2, 0), (1, 3), (1, 4), (2, 3), (2, 4)}
First(α) = {(a, (1, 0)), (b, (0, 3))}
Last(α) = {(2, 0), (0, 4), (2, 4)}

Follow(α) = {((1, 0), b, (2, 0)), ((1, 0), b, (1, 3)), ((0, 3), a, (1, 3)),
(0, 3), c, (0, 4)), ((2, 0), a, (1, 0)), ((2, 0), b, (2, 3)),

((0, 4), a, (1, 4)), ((1, 4), b, (1, 3)), ((1, 4), b, (2, 4)),

((2, 3), a, (1, 3)), ((1, 3), c, (2, 4)), ((1, 3), b, (2, 3)), . . .}
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Locations
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Locations

α = (a1b2)
⋆
� (b3c4)

⋆

Pos(α) = {1, 2, 3, 4}
Loc(α) = {(1, 0), (0, 3), (0, 4), (2, 0), (1, 3), (1, 4), (2, 3), (2, 4)}
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Locations

Loc(ε) = ∅, Loc(σi) = {i}, Loc((α)⋆) = Loc(α)

Loc(α1 + α2) = Loc(α1α2) = Loc(α1) ∪ Loc(α2)

Loc(α1 � α2) = Loc(α1)× Loc(α2) ∪ Loc(α1)× {0} ∪ {0} × Loc(α2)

| Loc(α)| ≤ 2|α|Σ − 1



Locations

Loc(ε) = ∅, Loc(σi) = {i}, Loc((α)⋆) = Loc(α)

Loc(α1 + α2) = Loc(α1α2) = Loc(α1) ∪ Loc(α2)

Loc(α1 � α2) = Loc(α1)× Loc(α2) ∪ Loc(α1)× {0} ∪ {0} × Loc(α2)

| Loc(α)| ≤ 2|α|Σ − 1



First, Last,Follow

First(σi) = {(σi, i)}
First(α1 � α2) = {(σ, (p, 0)) | (σ, p) ∈ First(α1)}

∪ {(σ, (0, p)) | (σ, p) ∈ First(α2)}



First, Last,Follow

Last(α1 � α2) = Last(α1)× Last(α2)

∪ ε(α1)({0} × Last(α2)) ∪ ε(α2)(Last(α1)× {0})



First, Last,Follow

Follow(α1 � α2, (p1, p2)) = { (σ, (p′1, p2)) | (σ, p′1) ∈ Follow(α1, p1) }
∪ { (σ, (p1, p′2)) | (σ, p′2) ∈ Follow(α2, p2) }



AGℓ((ab)
⋆
� (bc)⋆)

Loc0(α) = {0, (0, 3), (0, 4), (1, 0), (2, 0), (1, 3), (1, 4), (2, 3), (2, 4)}
First(α) = {(a, (1, 0)), (b, (0, 3))}
Last0(α) = {0, (0, 4), (2, 0), (2, 4)}.
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AGℓ(α)/≡c ≃ APD(α)

α = (a1b2)
⋆
� (b3c4)
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AGℓ(α)/≡c ≃ APD(α)

α = (ab)⋆ � (bc)⋆

(ab)⋆ � (bc)⋆

b(ab)⋆ � (bc)⋆

(ab)⋆ � c(bc)⋆

b(ab)⋆ � c(bc)⋆
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b
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p ≡c q if c(α, p) = c(α, q)



Synchronised Shuffles

• some letters must synchronise instead of interleave

• common letters must synchronise, studied first in [SS, dS84, LR99]

• M. ter Beek, J. Kleijn, and G. Rozenberg [tBK03, tBEKR03] within the

framework of Team Automata considered that all occurrences of specific

letters must be synchronised (strong synchronised shuffle).

• Further versions where studied by [tBMVM05, MMV06] in connection with

biological models: arbitrary synchronised shuffle, weak synchronised shuffle,

synchronised shuffle on backbones, . . .



Strong Synchronised Shuffle

ab s∥{b} bc = {abc}

abca s∥{a} ada = {abcda, abdca, adbca} = a(bc� d)a

Γ ⊆ Σ, synchronising alphabet

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with σi ∈ Γ and ui, vi ∈ (Σ \ Γ)⋆,

u s∥Γ v = (u1 � v1)σ1 · · ·σn−1(un � vn)

Note: s∥∅ = � and s∥Σ = ∩



Strong Synchronised Shuffle

ab s∥{b} bc = {abc}

abca s∥{a} ada = {abcda, abdca, adbca} = a(bc� d)a

Γ ⊆ Σ, synchronising alphabet

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with σi ∈ Γ and ui, vi ∈ (Σ \ Γ)⋆,

u s∥Γ v = (u1 � v1)σ1 · · ·σn−1(un � vn)

Note: s∥∅ = � and s∥Σ = ∩



Strong Synchronised Shuffle

ab s∥{b} bc = {abc}

abca s∥{a} ada = {abcda, abdca, adbca} = a(bc� d)a

Γ ⊆ Σ, synchronising alphabet

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with σi ∈ Γ and ui, vi ∈ (Σ \ Γ)⋆,

u s∥Γ v = (u1 � v1)σ1 · · ·σn−1(un � vn)

Note: s∥∅ = � and s∥Σ = ∩



Strong Synchronised Shuffle

ab s∥{b} bc = {abc}

abca s∥{a} ada = {abcda, abdca, adbca} = a(bc� d)a

Γ ⊆ Σ, synchronising alphabet

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with σi ∈ Γ and ui, vi ∈ (Σ \ Γ)⋆,

u s∥Γ v = (u1 � v1)σ1 · · ·σn−1(un � vn)

Note: s∥∅ = � and s∥Σ = ∩



Arbitrary Synchronised Shuffle

Letters in Γ can be synchronised or not
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Γ ⊆ Σ, synchronising alphabet

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with σi ∈ Γ and ui, vi ∈ Σ⋆,

u a∥Γ v = (u1 � v1)σ1 · · ·σn−1(un � vn)



Synchronised Shuffle on Backbones

acab 9ab bab = (ac� b){ab} ∪ (ε� b)a(ca� ε)b

= {acbab, abcab, bacab} ∪ {bacab}
= {acbab, abcab, bacab}

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with ui, vi ∈ Σ⋆ and

t = σ1 · · ·σn−1

u 9t v = (u1 � v1)σ1 · · ·σn−1(un � vn)



Synchronised Shuffle on Backbones

acab 9ab bab = (ac� b){ab} ∪ (ε� b)a(ca� ε)b

= {acbab, abcab, bacab} ∪ {bacab}
= {acbab, abcab, bacab}

u = u1σ1 · · ·σn−1un

v = v1σ1 · · ·σn−1vn

with ui, vi ∈ Σ⋆ and

t = σ1 · · ·σn−1

u 9t v = (u1 � v1)σ1 · · ·σn−1(un � vn)



Partial Derivatives for RE( s∥Γ )

Γ ⊆ Σ, synchronising alphabet

∂σ(α
s∥Γ β) =

 ∂σ(α)
s∥Γ ∂σ(β) if σ ∈ Γ,

∂σ(α)
s∥Γ {β} ∪ {α} s∥Γ ∂σ(β), otherwise.



APD((ab)
⋆ s∥{a} (ca)⋆)

(ab)⋆ s∥{a} (ca)⋆ (ab)⋆ s∥{a} a(ca)⋆

b(ab)⋆ s∥{a} (ca)⋆ b(ab)⋆ s∥{a} a(ca)⋆

c

ab

c
b



AGℓ((ab)
⋆ s∥{a} (ca)⋆)

B = {⊤,⊥}, sa = {⟨⊤,⊤⟩} and sb = sc = {⟨⊥,⊤⟩, ⟨⊤,⊥⟩}

(a1b2)
⋆ s∥{a} (c3a4)⋆



AGℓ((ab)
⋆ s∥{a} (ca)⋆)

B = {⊤,⊥}, sa = {⟨⊤,⊤⟩} and sb = sc = {⟨⊥,⊤⟩, ⟨⊤,⊥⟩}

(a1b2)
⋆ s∥{a} (c3a4)⋆

First((a1b2)
⋆) = {(a, 1)}

First((c3a4)
⋆) = {(c, 3)}

First((a1b2)
⋆ s∥{a} (c3a4)⋆) = {(c, (0, 3))}



AGℓ((ab)
⋆ s∥{a} (ca)⋆)

B = {⊤,⊥}, sa = {⟨⊤,⊤⟩} and sb = sc = {⟨⊥,⊤⟩, ⟨⊤,⊥⟩}

(a1b2)
⋆ s∥{a} (c3a4)⋆

First((a1b2)
⋆) = {(a, 1)}

First((c3a4)
⋆) = {(c, 3)}

First((a1b2)
⋆ s∥{a} (c3a4)⋆) = {(c, (0, 3))}

First(α1
s∥Γ α2) =

⋃
σ∈Σ

[b1,b2]∈sσ

{(σ, (p1, p2)) | (σ, pi) ∈ First(αi) if bi; pi = 0 otherwise}

where sσ = {⟨⊤,⊤⟩} if σ ∈ Γ; sσ = {⟨⊤,⊥⟩, ⟨⊥,⊤⟩} otherwise.



AGℓ((ab)
⋆ s∥{a} (ca)⋆)

B = {⊤,⊥}, sa = {⟨⊤,⊤⟩} and sb = sc = {⟨⊥,⊤⟩, ⟨⊤,⊥⟩}

(a1b2)
⋆ s∥{a} (c3a4)⋆

First((a1b2)
⋆) = {(a, 1)} Follow((c3a4)

⋆, 3) = {(a, 4)}

Follow((a1b2)
⋆ s∥{a} (c3a4)⋆, (0, 3)) = {(a, (1, 4))}



AGℓ((ab)
⋆ s∥{a} (ca)⋆)

B = {⊤,⊥}, sa = {⟨⊤,⊤⟩} and sb = sc = {⟨⊥,⊤⟩, ⟨⊤,⊥⟩}

(a1b2)
⋆ s∥{a} (c3a4)⋆

First((a1b2)
⋆) = {(a, 1)} Follow((c3a4)

⋆, 3) = {(a, 4)}

Follow((a1b2)
⋆ s∥{a} (c3a4)⋆, (0, 3)) = {(a, (1, 4))}

Follow(α1
s∥Γ α2, (p1, p2)) =⋃

σ∈Σ

[b1,b2]∈sσ

{(σ, (q1, q2)) | (σ, qi) ∈ Follow(αi, pi) if bi; qi = pi otherwise}

where sσ = {⟨⊤,⊤⟩} if σ ∈ Γ; sσ = {⟨⊤,⊥⟩, ⟨⊥,⊤⟩} otherwise.



AGℓ((ab)
⋆ s∥{a} (ca)⋆)

B = {⊤,⊥}, sa = {⟨⊤,⊤⟩} and sb = sc = {⟨⊥,⊤⟩, ⟨⊤,⊥⟩}

0

(0, 3)

(1, 4) (2, 4)

(2, 3) (1, 3)

c

a

b
c

c

b

a



α = (a1b2)
⋆ s∥{a} (c3a4)⋆

α

(a1b2)
⋆ s∥{a} a4(c3a4)⋆

b2(a1b2)
⋆ s∥{a} (c3a4)⋆ α

(a1b2)
⋆ s∥{a} a4(c3a4)⋆ b2(a1b2)

⋆ s∥{a} a4(c3a4)⋆

c

a

b

c

c

b

a



α = (a1b2)
⋆ s∥{a} (c3a4)⋆

α

(a1b2)
⋆ s∥{a} a4(c3a4)⋆

b2(a1b2)
⋆ s∥{a} (c3a4)⋆ α

(a1b2)
⋆ s∥{a} a4(c3a4)⋆ b2(a1b2)

⋆ s∥{a} a4(c3a4)⋆

c

a

b

c

c

b

a

p ≡c q if c(α, p) = c(α, q)



AGℓ(α)/≡c ≃ APD(α)

(ab)⋆ s∥{a} (ca)⋆ (ab)⋆ s∥{a} a(ca)⋆

b(ab)⋆ s∥{a} (ca)⋆ b(ab)⋆ s∥{a} a(ca)⋆

c

ab

c
b



Average-case Complexity

• Uniform distribution of regular expressions of size n and |Σ| = k

• Framework of analytic combinatorics

• Relates combinatorial objects to algebraic properties of complex analytic

generating functions

• the behaviour of these functions around their dominant singularities gives

access to the asymptotic form of their (power) series coefficients.



Asymptotic Analysis

C(z) =
∑
n

cnz
n

0

ρ

cn ∼ θnρ
−n

where θn is a sub-exponential



Average-case Complexity through Analytic Combinatorics

• k = |Σ|
• Rk(z), generating function for regular expressions α with n = |α|
• Pk(z), generating function for an upper bound of the size of QPD

avP =
[zn]Pk(z)

[zn]Rk(z)



Asymptotic Average Complexity

Measure Average C. Worst C. Ref. Avg

RE(�)
|{∂Σ(α)}| 3 O(n) [BMMR23a]

|QPD| 2
√
3( 4

3
)
n
2 O(2n) [BMMR18]

RE(∩) |{∂Σ(α)}| 15 O(n2) [BMMR23a]

|QPD| 3 O(2n) [BMMR23a]

RE(∥) |{∂Σ(α)}| 9 O(n2) [BMMR23a]

|QPD| (1.12859 + o(1))n O(2n) [BMMR23a]

RE(9)
|{∂Σ(α)}|


8 |Σ| ≥ 4

7.5× (1.00528)n |Σ| = 2

18.7× (1.00062)n |Σ| = 3

O(n3) [BMMR23a]

|QPD| 0.26× (1.35488 + o(1))n O(3n) [BMMR25]



Boolean Shuffle Product

• B = {⊤,⊥}
• Fn set of Boolean functions f : Bn −→ B
• sat(f) = {⟨b1, . . . , bn⟩ ∈ Bn | f(b1, . . . , bn) = ⊤} \ {⟨⊥, . . . ,⊥⟩}.
• ψ : Σ −→ Fn

∥ψ (ε, . . . , ε) = {ε}
∥ψ (u1, . . . , un) = {σw | (∃b ∈ sat(ψ(σ)))

[ui = σvi if bi;ui = vi otherwise]

∧ w ∈ ∥ψ (v1, . . . , vn)}.

The operator ∥ψ is extended to languages as usual by

∥ψ (L1, . . . , Ln) =
⋃

u∈L1×···×Ln

∥ψ (u1, . . . , un),

where u = (u1, . . . , un).



• ∥∧ (L1, L2) = L1 ∩ L2

• ∥⊕ (L1, L2) = L1 � L2

• ∥∨ (L1, L2) = L1
a∥Σ L2

• ∥ψs (L1, L2) = L1
s∥Γ L2 where

ψs(σ) =

∧, if σ ∈ Γ,

⊕, otherwise,

• ∥ψa (L1, L2) = L1
a∥Γ L2

ψa(σ) =

∨, if σ ∈ Γ,

⊕, otherwise.

• ∥◦ (L1, L2, L3) = L1 9L2 L3 where ◦(b1, b2, b3) = (b2 ↔ (b1 ∧ b3))



Boolean Shuffle (Product) Automata

Ai = (Qi,Σ, δi, ιi, Fi)

(i = 1, . . . , n)

∥(A1, . . . ,An) = (Q,Σ, δψ, (ι1, . . . , ιn), F )

where

• Q = Q1 × · · · ×Qn
• F = F1 × · · · × Fn,

• s = (s1, . . . , sn), t = (t1, . . . , tn), b = (b1, . . . , bn), and

δψ(s, σ) =
⋃

b∈sat(ψ(σ))

{t ∈ Q | (∀i)[ti ∈ δi(si, σ) if bi; ti = si otherwise]}



If Li are regular

• ∥ψ (L1, . . . , Ln) are regular

• If Li are defined by regular expressions αi one can define

• APD( ∥ψ (α1, . . . , αn))
• AGℓ( ∥ψ (α1, . . . , αn))
• . . .

as Boolean Shuffle (Product) Automata.



• allow to express different compositional behaviours of concurrent systems

• unique framework for generalised synchronised shuffles and several automata

constructions
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The prefix automaton.

J. Autom. Lang. Comb., 26(1-2):17–53, 2021.

Sabine Broda, António Machiavelo, Nelma Moreira, and Rogério Reis.
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