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Why Quantum Computation?

Quantum computation:

m first proposed by Feynman (1982)

m promises to efficiently solve some problems we don’t know how to
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Why Quantum Computation?

Quantum computation:
m first proposed by Feynman (1982)

m promises to efficiently solve some problems we don’t know how to
efficiently solve classically

» factoring (Shor, 1994): “exponential” ~» polynomial
> unstructured database search (Grover, 1996): O(2") ~ O(v/2")
» Hamiltonian simulation (simulation of physical processes)

m real-world quantum computers are always 10 years away
m ~ we need to be prepared (computer-aided analysis)
m FUN and cool community!
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Short Quantum Introduction
Verification of Quantum Circuits
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Short Quantum Introduction



Bit vs. Qubit

A bit

x=0 or x=1
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Classical vs. Quantum Circuits — State

Classical
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Classical vs. Quantum Circuits — State

Classical Quantum
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Classical vs. Quantum Circuits — Gates

Classical
x(0) T x'
y(1) y
2(1) J Z

A gate is a truth table

a blasb
0 0 0
0 1 1
10 1
1 1 0
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Classical vs. Quantum Circuits — Gates
Classical Quantum

———————

x(0)<l>¢ X . !
. Y x(0) —;—IE E X'

y(1) |
z(1) ) z y(O) E _______ 4 _)_ ; y/
z(0 H Shx— >
A gate is a truth table 0) . |
a b|asb A gate is a unitary matrix
1 1
0 0 0 = 0 3 0
0 1 1 o 1 5 1
1 0 1 U= 0 f 0 g
1 1 0 V2 V2
1 0 =1 0
2 V2

unitary matrix:
m conjugate transpose Ut = U1
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Classical vs. Quantum Circuits — Gates
Quantum

Classical
x(0) L X'
y(1) y
2(1) J Z

A gate is a truth table

a blasb
0 0 0
0 1 1
10 1
1 1 0

unitary matrix:

m conjugate transpose Ut = U1

———————

1
5 S
e 2oV
vz 0 7
0;120

m ~ reversibility, norm preservation, no-cloning theorem, . ..
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Short Quantum Circuit Example — Hadamard gate

a1
He | 7

V2 V2
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate

1 1
He | 7

V2 V2
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Short Quantum Circuit Example — Hadamard gate

—H]—

m [0) = m HI0) = [

S
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate

m |0)

m 1)
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Short Quantum Circuit Example — Hadamard gate

1 1
He | 7
V2

NG
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Short Quantum Circuit Example — Hadamard gate
11
He | 7

V2

m [0) = H|0) =

m 1) = H[1) =

Sl sl Sl s
SL Sk SR 6
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate

1 1
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° vz e [0 _ [VE| 1o -1
==, Hity= |2 V2 = V2 :|>\/§|>:|_>

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 8/47



Short Quantum Circuit Example — Hadamard gate

V2

) 7 2| 1] 2 [%] Z o
m(0)= Hloy= |2 v2 02{5: 0y

° vz e [0 _ [VE| 1o -1
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1
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Short Quantum Circuit Example — Hadamard gate

m|0) =

- oI L o _LI

1) =

JEE

S

H|0) =
H[1) =

] H|+) =

SIL sl s s

S
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate

—H]—

Ny
|
S
L5k

V2
G 3] 1] - [ _ o
=)= | HO= [ T =Y =T
o G ) [0 [ o
2 2 2 —
.’1>: 1 H’1>: 1 1 1 = -1 = \/é :|_>
r 1T r 1 17 17T (1417 1
2 2
m 0= H = | | = 1==L]=m>
L2 Lv2 vzl Lyl L2 — 2]
r 1T r 17 17T 1 _ 17
2 2
== 5 HR = S G =
A V2 Vel Lzl L2 T2l

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 8/47



Short Quantum Circuit Example — Hadamard gate
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Short Quantum Circuit Example — Hadamard gate
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Reasoning over Quantum Circuits

Hard!

m exponential size of state representation
m inherently probabilistic (testing is hard!)
m need to deal with complex numbers

Main approaches:
state vector simulation (strong: #P-complete)

equivalence checking (QMA-complete)
» QMA = Quantum Merlin Arthur; the so-called “quantum NP”

(pre/post-condition) verification
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Verification of Classical Programs

Verification of classical programs:
m (pre/post-condition based, a.k.a. Floyd-Hoare style)
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Verification of Classical Programs

Verification of classical programs:
m (pre/post-condition based, a.k.a. Floyd-Hoare style)

precondition postcondition

{Pre} S {Post}

m Pre and Post denote sets of program states
Meaning:

m If Sis executed from a state from Pre

m and the execution of S terminates,

m then the program state after S terminates is in Post.
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Verification of quantum circuits:

Ondrej Lengal Automata for Analysis of Quantum Programs



Verification of Quantum Circuits

Verification of quantum circuits:

precondition postcondition

{Pre} C {Post}

m Pre and Post denote sets of quantum states
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Verification of Quantum Circuits

Verification of quantum circuits:

precondition postcondition
circuit
m Pre and Post denote sets of quantum states
Meaning:
m If Cis executed from a quantum state from Pre

m then the quantum state after C terminates is in Post.
m (termination is implicit)
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Verification of Quantum Circuits

Example (GHZ)
—AH—

AU

N

m GHZ (Greenberger—Horne—Zeilinger state)
> generalization of Bell’'s state from 2 to arbitrary many qubits
> maximally entangled qubits

GHZ |0000)+[1111)
10000) o
T 1 117
[1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] [15,0,0,0,0,0,0,0,0,0,0,0,0,0,0, -]
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Verification of Quantum Circuits

Example (GHZ)
—AH—

AU

N

m GHZ (Greenberger—Horne—Zeilinger state)
> generalization of Bell’'s state from 2 to arbitrary many qubits
> maximally entangled qubits

GHZ |0000)+]1111)
10000) 4
T 1 117
[1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] [15,0,0,0,0,0,0,0,0,0,0,0,0,0,0, ]
GHZ |0001)+]1110)
10001) N ]
[0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0]” [0,75.0,0,0,0,0,0,0,0,0,0,0,0, 25,01
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Verification of Quantum Circuits

Example (GHZ)

—H——
{Iw) : w e {0,114 i {5 0b2b3ba) + I [1bobsby) -
Pre Circuit Post

Pre = {|0000) ,|0001) ,...,[1111)}
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Verification of Quantum Circuits

Example (GHZ)
A
{Iw) : w e {0,114 i {5 0b2b3ba) + I [1bobsby) -
Pre Circuit Post )

Pre = {|0000) ,|0001) ,...,[1111)}

How to efficiently represent sets of quantum states Fre and Fosit? )
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Verification of Quantum Circuits

Example (GHZ)
A
{Iw) : w e {0,114 i {5 0b2b3ba) + I [1bobsby) -
Pre Circuit Post )

Pre = {|0000) ,|0001) ,...,[1111)}

How to efficiently represent sets of quantum states Fre and Fosit? )

m naively ~ double exponential size

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 14/47
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Quantum States are Trees

...and quantum gates are iree operations



Quantum States are Trees

X y z|amp

0 0 0| '

0O 0 1 0

0 1 0 0 ;
0o 1 1 Vo

1 0 0 i

1 0 1 0

1 1 0 0

1 1 1| %
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Quantum States are Trees

X y z|amp

0 0 0| %

00 1| 0

01 0| 0

01 1| % =

1.0 0| %i

1.0 1] 0

11 0] 0

1 1 1| %i [z]o]o]w]|wlo]o]w]
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Quantum States are Trees

X y z|amp 0 -

00 0| %

00 1] 0 {

01 0] 0

01 1| % 0/

1.0 0/ %i

1 01| 0

110 0 0/\10/

1 1 1| %i [2]oo]%] 1/2||o|o|1/2||

m perfect tree of height n (the number of qubits) ~ 2" leaves
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Quantum Gates are Tree Operations
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Quantum Gates are Tree Operations

N
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Quantum Gates are Tree Operations

(] (]
N N

0 1 10 / / / '
- X1:[1 0]@[0 1] ab c d._c dab
1 0 0 O] L’ L’
I czi_ 0100 ' \,-\ [ \,'\
0010 abcd._abec-d
000 -1
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Quantum Gates are Tree Operations

—{xH
100 0] Rt S
czi_ 0100 'y \,-\ ~ \,
271001 0l 2 bcd._abec-d
000 -1]
H -
—.—H AN N
. e L 1.0 :'.\ :'.\ atb >7+d at })—d
— H= |V Y2l abcd ~ V2 e e 2
vz ve] 101
Hadamard gate
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Sets of Quantum States are Sets of Trees
m How to efficiently represent sets of trees?
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m How to efficiently represent sets of trees?

Tree automata!

B tree automata
> finite-state automata representing sets of finite trees
» extension of standard finite automata for regular languages
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Sets of Quantum States are Sets of Trees
m How to efficiently represent sets of trees?

Tree automata!

m tree automata

> finite-state automata representing sets of finite trees
» extension of standard finite automata for regular languages

Example

represents the set

\ \
0,0 0 0 1

v

Ondrej Lengal Automata for Analysis of Quantum Programs

Brno Univ. of Technology 18/47



Representing Pre and Post with Tree Automata

precondition postcondition

{APre} C {APost}

circuit

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 19/47



Representing Pre and Post with Tree Automata

precondition postcondition
{APre} C {APost}
circuit
Example (GHZ)
,".\ :".\ o'/.\o o .\o

b hd 2 hd \ N\ A\ \
% 00,0 oo, | T V20 05,0 7575 0,
."’ \. ./, \. —Ea_ ."’ \. [ ] \.
2 2 2 2 U A A 2
0% 1.0 oY %\0 0 750 %*12\0

E(APre) E(APost)
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Representing Pre and Post with Tree Automata

precondition postcondition
{Apre} C {Apost}
circuit
Example (GHZ)
o\ 0\ .",o\. ."’.\.
oA A8 £ on X on
AT ATAY B S AR E T4
o \. .',\o —— ° \. ° \o
A\ SN SN N AR A A
0 010,00 0 1 %00715,0%7120
»C(.Ap,e) E(APost)

m A’s size can be small
> e.g., Afor {|jw): w e {0,1}"} needs O(n) states/transitions
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Verification with Tree Automata

precondition postcondition

{APre} C {APost}

circuit
m Run C with Apy:

Example
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Verification with Tree Automata

precondition postcondition

{APre} C {APost}

circuit
m Run C with Apy:

Example

B ...and test £(A3z) C L(Apost)
> tree automata inclusion is decidable (EXPTIME-complete)
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Abstract Transformers for Quantum Gates
A4 Ao

m How to compute A, such that £(A) = G(L(.A1)) efficiently?
> naively (i.e., one tree by one) — doesn'’t scale
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m ~ abstract transformers
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Abstract Transformers for Quantum Gates
A4 Ao

m How to compute A, such that £(A) = G(L(.A1)) efficiently?
> naively (i.e., one tree by one) — doesn’t scale

m ~ abstract transformers
> specialized automata operations for concrete gates

Example

1 0
{[00),[01)}
v




Abstract Transformers for Quantum Gates

A Az

| |

|l

L=
m Supported gate types:

> (anti-)diagonal: X,Y,Z,S, T, R;, controls (CNOT, CZ, Toffoli, .. .)
® simple manipulation with automaton: O(|.A+|)
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Abstract Transformers for Quantum Gates

m Supported gate types:
> (anti-)diagonal: X,Y,Z,S, T, R;, controls (CNOT, CZ, Toffoli, .. .)
® simple manipulation with automaton: O(|.A+|)
> general: H,Rx, Ry, ...

® need to synchronize subtrees of the same tree
()

, \ .
’ e \
. .
° ° . A A
’ \ ’ \ . .
! ! att b+d a—,c b—d

a b c¢c d —_— V2 V2 V2 2

* qubit reorder — leaf operation — qubit reorder: O(2111)
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Quantum Circuit Verification Algorithm
precondition postcondition

{APre} C {APost}

circuit
m Algorithm:
Start with Apye.
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precondition postcondition

{APre} C {APost}

circuit
m Algorithm:
Start with Apye.
Run C on Ap, using abstract transformers, obtaining Ac.
Test L(Ac) C L(Apost)-

m Implemented in AutoQ

m Used to verify/find bugs in a number of quantum circuits:
> Bernstein-Vazirani, Grover (Single/All), MCToffoli,
»> RevLib, Random, FeynmanBench, ...

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 23/47



Quantum Circuit Verification Algorithm

precondition postcondition

{APre} C {APost}

circuit
m Algorithm:
Start with Apye.
Run C on Ap, using abstract transformers, obtaining Ac.
Test L(Ac) C L(Apost)-

m Implemented in AutoQ

m Used to verify/find bugs in a number of quantum circuits:
> Bernstein-Vazirani, Grover (Single/All), MCToffoli,
»> RevLib, Random, FeynmanBench, ...

m Scales to up to 40 qubits / 140k gates.
m Found a confirmed bug in QCEC (SOTA equivalence checker).

[Chen, Chung, Lengal, Lin, Tsai, Yen. An Automata-Based
Framework for Verification and Bug Hunting in Quantum Circuits.
PLDI'23/CACM RH]
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New Automata Models

m Level-Synchronized Tree Automata

> synchronization across different subtrees
m Synchronized Weighted Tree Automata

> + weights and alternation
m Weighted Tree Transducers

> corresponding transducer model



New Automata Models
Problems with standard TAs:

m time complexity of some gates is O(214)
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New Automata Models
Problems with standard TAs:

m time complexity of some gates is O(214)
m don’t support parameterized verification
> e.g., cannot express “all perfect binary trees”
q—1(q.9)
q— (u,u)

g is root, u is leaf
. q/q\q q/q\q
/\ q/ \q NN\, q/

u

AN

q

q qd q
/NN NN N VAVEEVAN
u Uluuuuyu u u u X u u u U’
q
q q/ \q
a/ \q /\q q/\

q q
VERN VRN /N /N /NN
q q q q g 9 uu uu U U
/\ /\ /NN NN
u u u u u u u u

| u uu u
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Level-Synchronized Tree Automata (LSTAS)

Level-Synchronized Tree Automata (LSTAS) J
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Level-Synchronized Tree Automata (LSTAS)

Level-Synchronized Tree Automata (LSTAS) J
m allow synchronization across subtrees
rooted at the same level ®)
q+-03(r+, o) q+-9>(ro, ry)
Q0> (ro, r+) q+-0»(rs, o)
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Level-Synchronized Tree Automata (LSTAS)

No synchronization
(standard TAs)
q—(9,9)

q— (u,u)

g is root, u is leaf

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 27/47



Level-Synchronized Tree Automata (LSTAS)

No synchronization
(standard TAs)
q—(9,9)

q— (u,u)

g is root, u is leaf

q q/ \q q/ \q
5 7N q/ \q NN, q/ \17
u/ \u u/ \u u/ \u u/ \u u/ \u u/ \u u/ \u
q
q q/ \q
q/ \q q/ \q a/ \q
VRN /N AN AV AN A
q q q q 9 g uu uu uu
u/ \u u/ \u u/ \u u/ \u u/ \W/ \u
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Level-Synchronized Tree Automata (LSTAS)

No synchronization With synchronization
(standard TAs) g-9+(q,9)
q—1(q.9) g-e>(u, u)
q— (u,u) q is root, u is leaf
g is root, u is leaf On every level, transitions
with the same colour need
to be taken!
. q/q\q q/"\q
N SN NN N
u/ \u u/ \u u/ \u u/ \u u/ \u u/ \u u/ \u
q q/q\q
q/ \q q/ N q/ \q
/N /N /N /N /NN
q q q q 9 9 uu uu Uuu
u/ \u u/ \u u/ \u ./ \u u/ \W/ \u
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Level-Synchronized Tree Automata (LSTAS)

No synchronization With synchronization
(standard TAs) q-9+(q,9)
q—(9.9) q-0>(u, v)
q— (u,u) q is root, u is leaf
q is root, u is leaf On every level, transitions
with the same colour need
to be taken!
ZN
q q P (1)
. N N, q q q
— /NN NN SN /N || A\ B\
U/ \LI U/ \U U/ \U Ll/ \U U/ \U U/ \U Ll/ \U u u : u u u u :
~ - - - q
- N I SN
N SN N SO\ SN
q/ \q q/ \q q/ \q u/ \u u/ \u u/ \u q q q q
u/ \u u/ \u u/ \u u/ \u u/ \uu/ \u U/@\U U/@\U U/@\U U/@\U
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Level-Synchronized Tree Automata (LSTAS)

Enable basic parameterized verification

Example (GHZ)
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Level-Synchronized Tree Automata (LSTAS)

Provide better scalability
m cost of operations
> (anti-)diagonal gates: still O(|.A])
> general gates: O(|.A|?) (improved from O(2/41))
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Level-Synchronized Tree Automata (LSTAS)

Provide better scalability
m cost of operations
> (anti-)diagonal gates: still O(|.A])
> general gates: O(|.A|?) (improved from O(2/41))

m language operations:

» emptiness: PSPACE-complete
» inclusion: PSPACE-hard, in EXPSPACE

m real-world speed-ups:
> 4min 45s ~ 0.0s (BV-AIl, 27 gbits)
> >5 min~ 0.6s (GHZ-AIl, 128 gbits)
» >5 min ~ 39.3s (Grover-All, 30 gbits)
» >5min~ 17.1s (Grover-lter, 200 gbits)

[Abdulla, Chen, Chen, Holik, Lengal, Lin, Lo, Tsai. Verifying Quantum Cir-
cuits with Level-Synchronized Tree Automata. POPL25.]
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Level-Synchronized Tree Automata (LSTAS)

m LSTAs can express all computational basis states

ANVAN
1/\0 0/.\1 1/\{>/\0 0/\1/‘>A0 0/\0 /\ /\ /\

10000 1

TN
SVOVOVeS
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Level-Synchronized Tree Automata (LSTAS)

m LSTAs can express all computational basis states

NN N N
1/\0 0/.\1 1/\0 0/\0 0/\1 0/\0 0/\0 1/\0 0/\0 0/\1

OV e
10 00 00 00 0 1
m but still cannot express all uniform

superposition states m

» oo-many amplitudes 5 y
> important for parameterized verification!

é\‘
E

2

e
s~
ER
e
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Parameterized Quantum Circuits

m Circuits are parameterized by
their size
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Parameterized Quantum Circuits

m Circuits are parameterized by

their size Orade
m Many standard quantum circuits " =10 —{H}; (A

are parameterized wo = 10) —[H o H
» generalized GHZ i ? .
> Bernstein-Vazirani " ‘O>_|Ei Ly
» Grover’s search ' N RN
> error-correction wn=10) —{H}H {H}—
> arithmetic circuits a=t) —[HH o — A
> quantum counting temmmmmommneoees '
» quantum phase estimation Figure: Bernstein-Vazirani for the
» quantum Fourier transform, secret (10)*(1 +¢)
> Shor’s algorithm, ...
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Synchronized Weighted Tree Automata (SWTAS)

Synchronized Weighted Tree Automata
LSTAs + weights + alternation J

'we ignore internal labels and only consider the structure of trees and leaf values
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Synchronized Weighted Tree Automata (SWTAS)

Synchronized Weighted Tree Automata
LSTAs + weights + alternation J

A=(Q,Q,4,root, E)'
m Q={q4,...,qn} — afinite set of states,
m Q={0,...,0} — afinite set of colours (for synchronization),
m § — a transition function (details later),
m root € Q — the root state, and
m E C Q— set of leaf states.

'we ignore internal labels and only consider the structure of trees and leaf values
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Synchronized Weighted Tree Automata

Example:

root%»(\/lép, 73P) m pis a leaf state
p-0+ (5P, 5P)

m expresses a set of uniform superposition stateS'

N /\

7a\ /\ /’\ A A

Sk
Sk
s
e
s
A
sk,
S
sk
sk
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Synchronized Weighted Tree Automata

General form of transitions:

u-0s(5p+ J5q, J5t—12)
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Synchronized Weighted Tree Automata

General form of transitions:

u-0:(3p+ 50, 5t—32)
semantics (generator view, inductive):

generate trees fp and t; from p and g (can be the leaf | 1|if a state
is leaf)

multiply leaves of #, by } and leaves of t, by %

tert < 3o + %tq (structures of f, and ty need to match)
obtain tygn in a similar way
construct t <— cons(tie, tright)
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Synchronized Weighted Tree Automata

General form of transitions:
o (1p+ - 11
U0+ 59 t—32)

semantics (generator view, inductive):

generate trees fp and t; from p and g (can be the leaf | 1|if a state
is leaf)

multiply leaves of #, by } and leaves of t, by %

tert < 3o + %tq (structures of f, and ty need to match)
obtain tgn: in @ similar way
construct t <— cons(tie, tright)

language L(A): the set of trees generated by A
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Synchronized Weighted Tree Automata — Properties

m language union: closed
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m language complement: not-closed (counting argument)
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Synchronized Weighted Tree Automata — Properties

m language union: closed
m language complement: not-closed (counting argument)

m language emptiness: PSPACE-complete

» < PSPACE: subset construction
» PSPACE-hardness: reduction from NFA universality

m intersection non-emptiness: undecidable (reduction from PCP)
> language intersection: not-closed (from the above)
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Synchronized Weighted Tree Automata — Properties

language union: closed

language complement: not-closed (counting argument)
language emptiness: PSPACE-complete

» < PSPACE: subset construction
» PSPACE-hardness: reduction from NFA universality

m intersection non-emptiness: undecidable (reduction from PCP)
> language intersection: not-closed (from the above)

language inclusion/equivalence: undecidable (reduction from

emptiness of TM)

?
> ~bad (?7) C(Pre) C Post
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Synchronized Weighted Tree Automata — Properties
alternative:

m don't talk about the standard language, but

m A’s tree function f4: Q* — T¢ (Q={0,...,0}, Tc = perfect
trees with C leaves)
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Synchronized Weighted Tree Automata — Properties
alternative:

m don't talk about the standard language, but

m A’s tree function f4: Q* — T¢ (Q={0,...,0}, Tc = perfect
trees with C leaves)

m eg.,

p-0+ (5P, J5P)
p-r (U 5U)

pis root, uis leaf
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Synchronized Weighted Tree Automata — Properties
alternative:

m don't talk about the standard language, but
m A’s tree function f4: Q* — T¢ (Q={0,...,0}, Tc = perfect

trees with C leaves)
meg.,
1 1 /‘\
(=P, 5
P (@p «15”) £4(008) = K;\ o
p-9->(—U, —U)
Ve Ve IR L@\L L@L
VB VB VB VB VB VB

7o)

11
8 V8 V8

[e)

pis root, uis leaf
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Synchronized Weighted Tree Automata — Properties
alternative:

m don't talk about the standard language, but
m A’s tree function f4: Q* — T¢ (Q={0,...,0}, Tc = perfect

trees with C leaves)
meg.,

1 1 /‘\
pw(ﬁpv \/_Ep) fA(m) _ 0\ o
P& (J5U,  5U) 5 A

% % % v

pis root, uis leaf

7o)

11
8 V8 V8

[e)

m very useful!

> ~» each computational basis state tree can map to one string in Q*:
Pre «+» Q*

> C(Pre) preserves tree function: e.g., fos(0A) S fo(pre) (DDO)
> allows relational specification, circuit equivalence checking

Ondrej Lengal

Automata for Analysis of Quantum Programs Brno Univ. of Technology 36/47



Synchronized Weighted Tree Automata — Properties

m tree function equivalence/inclusion of A and B

fa < fs fu C f3

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 37/47



Synchronized Weighted Tree Automata — Properties

m tree function equivalence/inclusion of A and B
?
fa="1g faCfs

m PSPACE-hard and in EXPTIME (conj.: EXPTIME-complete)
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m algorithm for 74 z fg:
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Synchronized Weighted Tree Automata — Properties

m tree function equivalence/inclusion of A and B
?
fa=1s faCfg

m PSPACE-hard and in EXPTIME (conj.: EXPTIME-complete)

m algorithm for f4 z fg:
test dom(f4) = dom(fz); if no, fail
compute SWTAC s.t. fo =4 — 15
f4 = f iff C only generates O-trees
A transform C into a linear transition system S
run Karr’s algorithm to compute for every state in S the vector space
of all linear relations, check 0-dim subspace for interesting states
® M. Karr. Affine Relationships Among Variables of a Program. Acta
Inf., 6:133—151, 1976.

Ondrej Lengal Automata for Analysis of Quantum Programs Brno Univ. of Technology 37/47



Weighted Tree Transducers (WTTs)

Issue: How to (efficiently) represent size-parameterized families of
circuits, e.g.,

u w
U
U w U w u
L L1 L
)
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S
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Weighted Tree Transducers (WTTs)

Issue: How to (efficiently) represent size-parameterized families of
circuits, e.g.,

T

l_l I_’L_l

m previous approach (specialized automata operations) doesn’t
work any more
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Regular Model Checking

m popular approach to parameterized verification of classical
systems

?
C(Pre) C Post J

m Pre, Post — represented by automata (of various kinds)
m C — represented by a transducer
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Regular Model Checking

m popular approach to parameterized verification of classical
systems

?
C(Pre) C Post J

m Pre, Post — represented by automata (of various kinds)
m C — represented by a transducer
m C(Pre) — obtained by image computation

?
m C — language inclusion check
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Regular Model Checking

m popular approach to parameterized verification of classical
systems

?
C(Pre) C Post J

m Pre, Post — represented by automata (of various kinds)
m C — represented by a transducer
m C(Pre) — obtained by image computation

?
m C — language inclusion check

Goal
We need a transducer model for SWTASs! J
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Weighted Tree Transducers (WTTs)

Weighted Tree Transducers (WTTs)
represent quantum gates J
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Weighted Tree Transducers (WTTs)

Weighted Tree Transducers (WTTs)
represent quantum gates J

T =(Q,0,root, E)
m Q={qy,...,qn} — afinite set of states,
m § — a transition function
m root € Q — the root state, and
m E C Q— set of leaf states.
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Weighted Tree Transducers (WTTs)

Weighted Tree Transducers (WTTs)
represent quantum gates J

T =(Q,0,root, E)
m Q={qy,...,qn} — afinite set of states,
m § — a transition function
m root € Q — the root state, and
m E C Q— set of leaf states.

transitions:
q— (3p(L) + Lu(R), 5t(L) - 1z(R))
m L and R denote the input Left and Right sub-trees
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Weighted Tree Transducers (WTTs)

m capture compactly all fixed-sized gates
> previous work: specialized procedures

B composition: quadratic

m image computation: quadratic

m equivalence/inclusion: EXPTIME-complete

» < EXPTIME: similar construction as for tree func. equiv. of SWTAs
> EXPTIME-hardness: reduction from TA intersection nonemptiness
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Weighted Tree Transducers (WTTs)

m capture compactly all fixed-sized gates
> previous work: specialized procedures

m composition: quadratic
m image computation: quadratic

m equivalence/inclusion: EXPTIME-complete

» < EXPTIME: similar construction as for tree func. equiv. of SWTAs
> EXPTIME-hardness: reduction from TA intersection nonemptiness

m WTT for fixed-sized QFT: quadratic to #qubits
» QFT: Quantum Fourier Transform
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Weighted Tree Transducers (WTTs)

WTTs for parameterized-size circuits:
m algorithm to synthesize WTTs from description for some patterns
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Weighted Tree Transducers (WTTs)

WTTs for parameterized-size circuits:
m algorithm to synthesize WTTs from description for some patterns

Example (Hadamard Transform)

: q— (539(L) + 54(R), J5q(L) - J5a(R))
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Weighted Tree Transducers (WTTs)

WTTs for parameterized-size circuits:
m algorithm to synthesize WTTs from description for some patterns
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Weighted Tree Transducers (WTTs)

WTTs for parameterized-size circuits:
m algorithm to synthesize WTTs from description for some patterns

Example (Part of Ripple-Carry Adder)

MAJ

MA]

MAJ

v

Ondrej Lengal Automata for Analysis of Quantum Programs

Brno Univ. of Technology
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Experiments
Implementation: prototype AUTOQ-PARA

Benchmarks:

Pre/ Post-condition verification

m BV — Bernstein-Vazirani’s algorithm with
a fixed secret

m Adder — carry-ripple adder

m QECC — syndrom extraction of a
repetition code
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Experiments
Implementation: prototype AUTOQ-PARA

Benchmarks:
Pre/ Post-condition verification circuit time
m BV — Bernstein-Vazirani’s algorithm with BV 0.014s
a fixed secret Adder 11.007 s
m Adder — carry-ripple adder QECC 0.314s
m QECC — syndrom extraction of a Grover 0.088s
repetition code Ham.sim.  0.663s
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Experiments
Implementation: prototype AUTOQ-PARA

Benchmarks:
Pre/ Post-condition verification circuit time
m BV — Bernstein-Vazirani’s algorithm with BV 0.014s
a fixed secret Adder 11.007 s
m Adder — carry-ripple adder QECC 0.314s
m QECC — syndrom extraction of a Grover 0.088s
repetition code Ham.sim.  0.663s

Equivalence testing
m Grover — one Grover iter., w/ vs. w/o multi-control gates

m Ham. sim. — Hamiltonian simulation of a 1D Heisenberg spin
chain, basic vs. optimized version

[Abdulla, Chen, Hecko, Holik, Lengal, Lin, Thinniyam. Parameterized Verifi-
cation of Quantum Circuits. POPL26.]
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Takeaways
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m opportunities for new useful formal models
m a lot of fun!
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m parameterized verification of more complex circuits

> support for recursion

> support for parameterized rotation gates

> ~ enable verification of QFT, quantum counting, QPE, ...
B a good specification language

> expressive, user-friendly
> can compile to automata quickly
> (one attempt accepted for CAV’26)

m equivalence checking of parameterized circuits

> oracle-based circuits
» dynamic circuits
> various notions of equivalence

m How to represent quantum circuits efficiently?
> algebra over trees? logic?

Thank you! |
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